
RESEARCH ARTICLE
10.1002/2014WR016819

Analytical sensitivity analysis of transient groundwater flow
in a bounded model domain using the adjoint method
Zhiming Lu1 and Velimir V. Vesselinov1

1Computational Earth Science Group (EES-16), MS T003, Los Alamos National Laboratory, Los Alamos, NM 87544, USA

Abstract Sensitivity analyses are an important component of any modeling exercise. We have developed
an analytical methodology based on the adjoint method to compute sensitivities of a state variable (hydrau-
lic head) to model parameters (hydraulic conductivity and storage coefficient) for transient groundwater
flow in a confined and randomly heterogeneous aquifer under ambient and pumping conditions. For a spe-
cial case of two-dimensional rectangular domains, these sensitivities are represented in terms of the prob-
lem configuration (the domain size, boundary configuration, medium properties, pumping schedules and
rates, and observation locations and times), and there is no need to actually solve the adjoint equations. As
an example, we present analyses of the obtained solution for typical groundwater flow conditions. Analyti-
cal solutions allow us to calculate sensitivities efficiently, which can be useful for model-based analyses
such as parameter estimation, data-worth evaluation, and optimal experimental design related to sampling
frequency and locations of observation wells. The analytical approach is not limited to groundwater applica-
tions but can be extended to any other mathematical problem with similar governing equations and under
similar conceptual conditions.

1. Introduction

Sensitivities of state variables to model parameters are computed to perform various types of model analy-
ses [Saltelli et al., 2000]. These include sensitivity analysis, model inversion, parameter estimation, model
selection, uncertainty quantification, data-worth analysis, experimental design, and decision analysis. Typi-
cally, in these modeling exercises the estimation of sensitivities comprises the dominant part of the compu-
tational effort. Furthermore, the accuracy of the modeling analysis is highly dependent on the accuracy of
the obtained sensitivity estimates. Therefore, the computational efficiency and the accuracy of the applied
methods for sensitivity estimation is of the utmost importance.

Many approaches have been proposed for calculating sensitivities. In the influence coefficient method
[Becker and Yeh, 1972; Yeh, 1986], each parameter is perturbed by a small amount and one forward model
run is needed to solve the governing equations using the perturbed parameter value while the rest of
parameters are held at their original values; this procedure is repeated for each parameter of interest; the
sensitivities are then computed using a finite difference method. The second approach is to solve the sensi-
tivity equation with its corresponding initial and boundary conditions that is derived by differentiating the
original governing equation and its initial and boundary conditions with respect to each parameter [Sykes
et al., 1985; Yeh, 1986]. The sensitivity equation has the same form as the original governing equation. Both
methods require a total of K 1 1 forward model runs for a system with K parameters. If the problem is solved
using a spatially discretized computational mesh of N grid nodes, and if one is interested in the sensitivity
of a state variable (e.g., hydraulic head) to a distributed model parameter (e.g., hydraulic conductivity or
storativity) at all grid nodes, one needs to solve governing equations for N 1 1 times. This includes one
model run solving for the base case head field in the influence coefficient method or the mean head field in
the sensitivity equation method. Furthermore, if the model is transient and solved over a series of M tempo-
ral steps, and if one is interested in the sensitivity of a transient state variable at all M steps to a distributed
model parameter at all grid nodes N, one needs to solve governing equations for ðM � NÞ11 times. This is
not feasible even for a moderately large simulation problem.

Another approach is an analytical sensitivity analysis, in which the groundwater flow problems are solved ana-
lytically and sensitivity is then calculated by computing the derivative of the head or drawdown with respect

Key Points:
� Analytic approach to compute

transient sensitivities using the
adjoint method
� Model parameters include distributed

transmissivity and storativity
� Parameter fields can be correlated or

uncorrelated

Correspondence to:
Z. Lu,
zhiming@lanl.gov

Citation:
Lu, Z., and V. V. Vesselinov (2015),
Analytical sensitivity analysis of
transient groundwater flow in a
bounded model domain using the
adjoint method, Water Resour. Res., 51,
5060–5080, doi:10.1002/
2014WR016819.

Received 18 DEC 2014

Accepted 11 JUN 2015

Accepted article online 15 JUN 2015

Published online 3 JUL 2015

VC 2015. American Geophysical Union.

All Rights Reserved.

LU AND VESSELINOV ANALYTICAL SENSITIVITY ANALYSIS USING ADJOINT METHOD 5060

Water Resources Research

PUBLICATIONS

http://dx.doi.org/10.1002/2014WR016819
http://onlinelibrary.wiley.com/journal/10.1002/(ISSN)1944-7973/
http://publications.agu.org/


to transmissivity or storativity. Examples presented in this approach include: sensitivity analysis using the Theis
equation [McElwee and Yukler, 1978], drawdown sensitivity to the properties of an embedded strip [Butler and
Liu, 1991] or an embedded disk [Butler and Liu, 1993] in an infinite, homogeneous medium. This deterministic
approach is limited to some special cases in which an analytical solution of head or drawdown can be
obtained, and certainly not feasible for the case with a spatially variable model parameter.

The adjoint method based on the variational approach has been used successfully in a range of fields, such
as electrical engineering, meteorology, oceanography, nuclear reactor assessment, hydrogeology, petro-
leum engineering, and seismology. The adjoint method has been employed to calculate the sensitivity of
the head or drawdown to hydraulic parameters (conductivity/transmissivity, storage coefficient/storativity)
for steady state flow [Neuman, 1980; Sykes et al., 1985; Mazzilli et al., 2010], transient flow [Carrera and
Medina, 1994; Zhu and Yeh, 2005; Sun et al., 2013; Mao et al., 2013a], variably saturated flow [Li and Yeh,
1998; Hughson and Yeh, 1998; Li and Yeh, 1999], and multilayer aquifer systems [Lu et al., 1988]. Applications
of the adjoint method in solute transport include determining the sensitivity of the solute concentration to
the source intensity [Piasecki and Katopodes, 1997], the contamination source location and travel time prob-
ability and distribution [Neupauer and Wilson, 1999, 2001; Larbkich et al., 2014], and estimates of the histori-
cal groundwater contamination distribution [Michalak and Kitanidis, 2004]. Other applications of the
method in groundwater hydrology include combining the adjoint method with the level set method to
identify heterogeneity in porous media [Lu and Robinson, 2006] and selection of well locations for minimiz-
ing stream depletion [Neupauer and Cronin, 2010], among others. There are some recent developments in
the method, such as, a multiscale adjoint method for computing high-resolution sensitivity coefficients for
subsurface flow in large-scale heterogeneous geologic formations [Fu et al., 2010], and the Eulerian-
Lagrangian localized adjoint method (ELLAM) for simulating transport in saturated/unsaturated porous
media [Binning and Celia, 1996; Ramasomanana et al., 2012].

Solving the adjoint equation is a computationally efficient way to evaluate parameter sensitivities [Jacquard
et al., 1965; Carter et al., 1974; Sykes et al., 1985; Yeh, 1986; Hughson and Yeh, 1998; Li and Yeh, 1998, 1999;
Zhu and Yeh, 2005; Leven and Dietrich, 2006; Mao et al., 2013b]. The adjoint equation is derived from the
original governing equation and its structure is similar to the original equation. In fact, the adjoint state vari-
able obtained by the solution of the adjoint equation, as seen later, represents the time-reversed head
response to a unit pulse source at the observation location and observation time, subject to homogeneous
initial and boundary conditions. Therefore, the required computational effort depends on the number of
observations, not on the number of parameters. For any problem with M steady state observations, one
only needs to solve the governing equation once and the adjoint equation M times. For problems with tran-
sient measurements, the adjoint equation needs to be solved backward from the maximum observation
time to time zero for each observation location, and therefore, the number of times to solve the adjoint
equation is again the number of observation locations. As seen later, this is because, for each observation
location, the adjoint state variable at any other observation time can be obtained by simply shifting the
solution for the maximum observation time along the time axis, without solving the adjoint equation again.
The adjoint state variable is then utilized in evaluating the sensitivity of the state variable to parameters at
any location x. This sensitivity is typically presented as an integral over spatial and temporal domains while
the integrand is related to the derivatives of the hydraulic head and of the adjoint state variable, and the
integral is then evaluated numerically.

In this study, we have developed a novel analytical methodology based on an adjoint method to compute
sensitivities of a state variable (hydraulic head) to model parameters (hydraulic conductivity and storage
coefficient) in the case of transient groundwater flow in a two-dimensional, spatially correlated or uncorre-
lated, randomly heterogeneous aquifer under ambient and pumping conditions. One of the major differen-
ces between this study and all previous adjoint-based studies on head (or drawdown) sensitivity is that the
spatial correlation of the parameter field has been considered, while in previous studies the parameter field
is assumed to be uncorrelated and the integral over the entire problem domain was reduced to an exclusive
element (or subdomain) containing the point at which the sensitivity is desired [Neuman, 1980; Sun and
Yeh, 1985, 1992; Yeh, 1986; Li and Yeh, 1998, 1999; Hughson and Yeh, 1998; Zhu and Yeh, 2005; Mao et al.,
2013b]. The parameter sensitivities with the adjoint method are typically obtained numerically and the
most time-consuming part of the method is on solving the adjoint state equations. In our analytical expres-
sions, these sensitivities are represented directly in terms of the problem configuration (the domain size,
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boundary configuration, pumping well locations, pumping schedule and rates), medium properties (the
mean and correlation lengths of log transmissivity and log storativity), and observation information (loca-
tions and times), and therefore there is no need to solve the adjoint state equations.

The rest of paper is organized as follows. Section 2 gives the statement of the problem. In section 3, the
adjoint method is used to derive head sensitivities to transmissivity and storativity; these sensitivities are
represented as integrals that are related to the mean flow field and adjoint state variables, which in general
need to be evaluated numerically for an arbitrary flow domain. In section 4, we obtain analytical expressions
of these sensitivities for spatially uncorrelated or correlated randomly heterogeneous porous media in rec-
tangular domains. Section 5 presents an illustrative example for a typical groundwater flow condition and
discusses the effect of the observation location and time on these sensitivities. Section 6 summarizes the
conclusions and discusses our future work.

2. Statement of the Problem

We consider transient flow in saturated, two-dimensional, randomly heterogeneous porous media governed
by the following equation

r � TðxÞrhðx; tÞ½ �1
Xnw

i51

Qidðx2x
p
i ÞIðts

i ; te
i Þ5SðxÞ @hðx; tÞ

@t
; x 2 X; t > 0; (1)

subject to boundary and initial conditions

hðx; tÞ5HðxÞ; x 2 CD; t > 0; (2)

2TðxÞrhðx; tÞ � n5qðxÞ; x 2 CN; t > 0; (3)

hðx; tÞ5h0ðxÞ; x 2 X; t50; (4)

where h½m� is the hydraulic head, H½m� is the prescribed constant head on the Dirichlet boundary CD, q½m=s�
is the prescribed water flux on the Neumann boundary CN, h0½m� is the initial steady state head in the
domain X, T ½m2=s� is transmissivity, S is storativity, nw is the number of pumping or injection wells, Qi½m3=s�
is the pumping rate (negative for injection) of the ith well located at x

p
i 5ðxp

i1; xp
i2Þ, Iðts

i ; te
i Þ is an indicator func-

tion (being 1 for t 2 ðts
i ; te

i Þ and 0 otherwise), ts
i is the time pumping starts at the ith well, te

i is the time pump-
ing ends at the ith well, d is the Dirac delta function, x5ðx1; x2ÞT is the horizontal Cartesian coordinate, n is
the unit vector normal to the boundary of domain C5CD [ CN , and t is time.

In a sensitivity analysis, a response function or performance measure can be written as [Sykes et al., 1985;
Zhu and Yeh, 2005]

JðGÞ5
ðTe

0

ð
X

Gðh; pÞdXdt; (5)

where X represents the spatial domain, Te is the end of the simulation time, G is an unspecified function of
the system state (hydraulic head h), and p is a system parameter (log transmissivity Y5ln ðTÞ or log storativ-
ity Z5ln ðSÞ in our case).

The marginal sensitivity of the performance J to any parameter p is obtained by taking the derivative of (5)
with respect to p:

@J
@p

5

ðTe

0

ð
X

@Gðh; pÞ
@p

1
@Gðh; pÞ
@h

@h
@p

� �
dXdt; (6)

where the first term represents the explicit dependence of J(G) on parameter p, i.e., the direct effect, while
the second term represents the ‘‘indirect effect’’ due to the implicit dependence of J(G) on p through head
h. For calculating the sensitivity of hydraulic head to the log transmissivity or log storativity, we choose

G5hðx; tÞdðx2xkÞdðt2tlÞ; (7)

i.e., the observed head at location xk5ðx1k ; x2kÞT and time tl. For this particular function G, @G=@p50 and
@G=@h5dðx2xkÞdðt2tlÞ, and (6) reduces to
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@J
@p

5

ðTe

0

ð
X
/dðx2xkÞdðt2tlÞdXdt; (8)

where /5@h=@p is the state sensitivity. Because of the properties of the delta function, this marginal sensi-
tivity in this case is actually @hðxk ; tlÞ=@p, which is to be sought.

3. Solving Sensitivity Using the Adjoint Method

Differentiating (1) with respect to parameter p, which can be either the log transmissivity Y or the log stora-
tivity Z,

@S
@p
@h
@t

1S
@/
@t

2r � @T
@p
rh

� �
2r � ½Tr/�50: (9)

One may solve for the sensitivity directly from this equation with boundary and initial conditions derived
from differentiation of (2)–(4). This is called the direct solution method [Sykes et al., 1985]. However, such a
direct solution approach can be computationally very demanding. For example, in a finite element or finite
difference computer model with N grid nodes, if one is interested in finding the nodal transmissivity that
has the greatest impact on the head at a particular location, one has to solve the above equation N times.

The adjoint method is computationally more efficient [Neuman, 1980; Sykes et al., 1985; Zhu and Yeh, 2005],
requiring evaluations equal to the number of spatial points of interest (typically less than N). Multiplying (9)
by an arbitrary differentiable function /� and integrating over time and space gives

ðTe

0

ð
X

@S
@p
@h
@t

1S
@/
@t

2r � @T
@p
rh

� �
2r � ½Tr/�

� �
/�dXdt50: (10)

Using the partial integration rule on the second term and applying Green’s first identity once to the third
term and twice to the fourth term, we have

ðTe

0

ð
X

2S
@/�

@t
2r � ðTr/�Þ

� �
/dXdt1

ðTe

0

ð
X

@T
@p
rh � r/�dXdt

1

ðTe

0

ð
X

@S
@p
@h
@t

/�dXdt1
ðTe

0

ð
CN

/Tr/� � ndCdt

2

ðTe

0

ð
CD

/� Tr/1
@T
@p
rh

� �
� ndCdt1

ð
X

S//�jt5T edX2

ð
X

S//� jt50 dX50:

(11)

In deriving (11) we have used a relationship ð@T=@pÞrh � n52@q=@p2Tr/ � n52Tr/ � n on CN, which is
derived by differentiating the boundary condition (3).

If we add the terms on the left side of (11) to the right side of (8), the marginal sensitivity becomes

@J
@p

5

ðTe

0

ð
X

dðx2xkÞdðt2tlÞ2S
@/�

@t
2r � ðTr/�Þ

� �
/dXdt

1

ðTe

0

ð
X

@T
@p
rh � r/�dXdt1

ðTe

0

ð
X

@S
@p
@h
@t

/�dXdt

1

ðTe

0

ð
CN

/Tr/� � ndCdt2
ðTe

0

ð
CD

/� Tr/1
@T
@p
rh

� �
� ndCdt

1

ð
X

S//�jt5T edX2

ð
X

S//� jt50 dX

(12)

Because the state sensitivity / is unknown, to evaluate (12), we need to set the coefficient in front of / to be
zero (the first term in 12). To simplify (12), we choose the arbitrary function /� to satisfy the following equation

r � TðxÞr/�ðx; tÞ½ �2dðx2xkÞdðt2tlÞ52SðxÞ @/
�ðx; tÞ
@t

; x 2 X; t > 0 (13)

with boundary and terminal conditions
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/�ðx; tÞ50; x 2 CD; t > 0; (14)

2Tr/�ðx; tÞ � n50; x 2 CN; t > 0; (15)

/�ðx; tÞ50; x 2 X; t5Te; (16)

which reduces the marginal sensitivity (12) to

@J
@p

5

ðTe

0

ð
X

@T
@p
rh � r/�dXdt1

ðTe

0

ð
X

@S
@p
@h
@t

/�dXdt2
ð
X

S//�jt50 dX: (17)

Equation (13) with conditions (14)–(16) is called the adjoint equation. Note that the adjoint equation and
its associated boundary and initial conditions are independent of any pumping/injection wells and pre-
scribed boundary conditions in the original flow model (1)–(4). In other words, if one adds more wells or
changes the constant head or fluxes at the boundary, there is no need to solve the adjoint equation again
(as long as the boundary types remain the same). This is one of the advantages of the adjoint method.
We also note that the initial-boundary value problem given by (13)–(16) is the backward flow equation,
and in order for it to have a unique solution, we must prescribe a terminal condition at t 5 Te instead of
at t 5 0.

In some studies [Zhu and Yeh, 2005; Mao et al., 2013b; Sun et al., 2013], the initial head field h0ðxÞ is assumed
to be independent of the transmissivity field and the last term in (17) was dropped. However, the initial
head generally depends on the transmissivity field and therefore /5@h=@p is nonzero at t 5 0 when the
parameter of concern is transmissivity, and the last term in (17) cannot be dropped. It should be empha-
sized that knowing the initial head distribution a priori does not mean /5@h=@Y is zero at time zero [Zhu
and Yeh, 2005], unless the initial head is independent of transmissivity, such as the case with hydrostatic ini-
tial head [Li and Yeh, 1998]. In section 5, we will investigate through numerical examples the contribution of
this term to the total sensitivity. To evaluate this term, following Hughson and Yeh [1998] and Li and Yeh
[1999], we assume that the initial head satisfies the steady state flow equation

r � TðxÞrh0ðxÞ½ �50; (18)

subject to the same boundary conditions as for the transient flow: h0ðxÞ5HðxÞ for x 2 CD, and 2TðxÞrh0ðxÞ
�n5qðxÞ for x 2 CN . Following the same procedure as we did for the transient flow, i.e., taking the derivative
of (18) with respect to Y, multiplying the resulting equation by an arbitrary function /�0, integrating it over
domain X, and applying Green’s first identity, yields

ð
X

/0r � ðTr/�0ÞdX2

ð
X

@T
@Y
rh0 � r/�0dX2

ð
CN

/0Tr/�0 � ndC2

ð
CD

@q
@Y

/�0dC50; (19)

where /05@h0=@Y . Note that, in deriving the last two terms in the above equation, we have used the fact
that /0 � 0 on CD and @q=@Y � 0 on CN. By adding (19) to (17) and choosing /�0 satisfying

r � TðxÞr/�0ðxÞ
� �

1S/�ðx; 0Þ50; (20)

subject to the following boundary conditions

/�0ðxÞ50; x 2 CD; (21)

2Tr/�0ðxÞ � n50; x 2 CN; (22)

the marginal sensitivity (17) becomes

@J
@p

5

ðTe

0

ð
X

@T
@p
rh � r/�dXdt1

ðTe

0

ð
X

@S
@p
@h
@t

/�dXdt1
ð

X

@T
@Y
rh0 � r/�0dX; (23)

where the last term is applicable only if the parameter p is the log transmissivity.

We should mention that there is some confusion in the literature on the form of the adjoint equation and
sensitivity expressions [Zhu and Yeh, 2005; Mao et al., 2013b; Sun et al., 2013]. If we had added the terms on
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the left side of (11) to the left side of (6), we would have derived a slightly different adjoint equation than
the one presented in (13), and the sign in front of the second term of (13) would be positive. In this case, all
terms in (23) would be negative. Either way, there must be a negative sign in front of the right side of (13),
unless the adjoint equation and its terminal condition are written in terms of the reverse of the time
(s5tl2t), as in Yeh [1986] and Leven and Dietrich [2006]. In the latter case, the adjoint state variable /�ðx; tÞ
in (23) should be replaced by /�ðx; tl2tÞ.

Once h, h0, /� , and /�0 are obtained, the sensitivity of the head at location xk at time tl to the log transmis-
sivity Y or log storativity Z at any point x5ðx1; x2ÞT 2 X can be obtained from (23) by replacing parameter p
by Y5ln ðTÞ or S5ln ðSÞ. If we assume that Y and Z are uncorrelated, then

yðk;lÞðxÞ¢ @hðxk ; tlÞ
@YðxÞ 5

ðTe

0

ð
X

@TðvÞ
@YðxÞrhðv; tÞ � r/ðv; tÞdvdt

1

ð
X

@TðvÞ
@YðxÞrh0ðvÞ � r/�0ðvÞdv;

(24)

and

zðk;lÞðxÞ¢ @hðxk ; tlÞ
@ZðxÞ 5

ðTe

0

ð
X

@SðvÞ
@ZðxÞ

@hðv; tÞ
@t

/ðv; tÞdvdt; (25)

where yðk;lÞðxÞ and zðk;lÞðxÞ are defined for convenience, and dX has been replaced by dv to avoid confu-
sion. These sensitivity values represent the infinitesimal rate of change in hydraulic head at the given mea-
surement location xk and time tl, due to an infinitesimal change of log transmissivity or log storativity.

The procedure for finding transient state sensitivities can be summarized as follows. For any given trans-
missivity field, one first solves for h0 from the steady state flow equation (18) with appropriate boundary
conditions. With this initial condition, one then solves for the transient head h from (1) with boundary
and initial conditions (2)–(4). The state variable /� is obtained from the backward solution of (13) with
boundary and terminal conditions (14)–(16). The solution at time zero /�ðx; 0Þ is then used as a source
in solving /�0 from (20) with boundary conditions (21)–(22). Finally, the state sensitivities are evaluated
from (24) and (25).

If one is interested in sensitivities of the steady state head to log transmissivity, one can follow the same
procedure described above for the transient flow and derive the marginal sensitivity as

@J
@Y

5

ð
X

@T
@Y
rhss � r/�ssdX; (26)

and the head sensitivity to log transmissivity can be written as

yðkÞss ðxÞ¢
@hssðxkÞ
@YðxÞ 5

ð
X

@TðvÞ
@YðxÞrhssðvÞ � r/�ssðvÞdv; (27)

where /�ss is the adjoint state variable for the steady state flow, obtained from the following equation

r � TðxÞr/�ssðxÞ
� �

2dðx2xkÞ50; x 2 X; (28)

with boundary conditions /�ssðxÞ50 for x 2 CD, and Tr/�ssðxÞ � n50 for x 2 CN . Note that for steady state
flow, storativity is not relevant and therefore the head sensitivity to the log storativity is zero.

We should emphasize that the sensitivity @h=@p can be evaluated for any given transmissivity and/or stora-
tivity field. However, in many practical problems (such as inverse problems), the true transmissivity/storativ-
ity fields are unknown, and therefore h, h0, /� , and /�0 are typically evaluated at the mean transmissivity/
storativity fields [Sun and Yeh, 1985, 1992; Zhu and Yeh, 2005].

4. Sensitivity for Rectangular Domains

In general, h, h0, /� , and /�0 have to be evaluated numerically. In this paper, we consider a special case in
which the domain X is a rectangle of size L13L2, and the boundary and initial conditions are given as
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hðx; tÞ5H1; x150; t > 0; (29)

hðx; tÞ5H2; x15L1; t > 0; (30)

@hðx; tÞ=@x250; x250; t > 0; (31)

@hðx; tÞ=@x250; x25L2; t > 0; (32)

hðx; tÞ5h0ðxÞ; x 2 X; t50: (33)

For simplicity, we further assume h05H11ðH22H1Þx1=L1.

4.1. Solving for the Mean Head
At the first order, the governing equation for the mean head can be derived by replacing T and S in (1) with
their mean counterparts �T and �S [Sun and Yeh, 1985, 1992; Zhu and Yeh, 2005]

r � �Tr�hðx; tÞ
� �

1
Xnw

i51

Qidðx2x
p
i ÞIðts

i ; te
i Þ5�S

@�hðx; tÞ
@t

; x 2 X; t > 0: (34)

Under the given boundary and initial conditions (29)–(33), following the techniques presented in €Ozişik
[1989] and Lu and Zhang [2003, 2005], the solution can be written as

�hðx; tÞ5h0ðxÞ1
4

D�T

X1
m51
n50

an

x2
mn

sin ðamx1Þcos ðbnx2Þ
Xnw

i51

pðiÞmnwðiÞmnðtÞ; (35)

where pðiÞmn5Qisin ðamxp
i1Þcos ðbnxp

i2Þ, x2
mn5a2

m1b2
n, am5mp=L1; m51; 2; � � �, bn5np=L2; n50; 1; 2; � � �,

D5L1L2, an 5 1 for n � 1 and an51=2 for n 5 0, and

wðiÞmnðtÞ5

0 if t < ts
i

12e2
�T
�S
x2

mnðt2ts
i Þ if ts

i < t < te
i

e2
�T
�S
x2

mnðt2te
i Þ2e2

�T
�S
x2

mnðt2ts
i Þ if t > te

i

:

8>><
>>:

(36)

The last term in (35) represents the head drawdown due to pumping. Equations (35) and (36) were derived
for the case with a single pumping period at each well. However, by the superposition principle, the equa-
tions are also applicable to the case for wells with an arbitrary number of pumping periods with constant
pumping rates. In fact, for any well with multiple pumping periods, we can simply treat the well as multiple
wells, each of which has a single period with a constant pumping rate. In this sense, the summation over all
pumping wells in (35) is actually a summation over all pumping periods.

4.2. Solving the Adjoint State Equations
For the adjoint state equation (13), the boundary and terminal conditions corresponding to boundary and
initial conditions for the simplified (rectangular) model domain (29)–(33) are

/�ðx; tÞ50; x150; L1; t > 0; (37)

@/�ðx; tÞ=@x250; x250; L2; t > 0; (38)

/�ðx; tÞ50; x 2 X; t5Te: (39)

By simply changing the variable t5Te2s, (13) with boundary conditions (37) and (38) and terminal condi-
tion (39) can be modified to a set of similar equations in terms of s with an initial condition. The final solu-
tion can be expressed as

/�ðx; tÞ52
4

�SD

X1
m51
n50

ansin ðamx1Þcos ðbnx2ÞOk
mne2

�T
�S
x2

mnðtl 2tÞ; for t � tl ; (40)

and /�ðx; tÞ50 for t > tl . Here Ok
mn5sin ðamx1kÞcos ðbnx2kÞ, and xk5ðx1k ; x2kÞT are the observation locations.

It is seen from (40) that, for a fixed observation location xk and tl, the adjoint state function /�ðx; tÞ depends
on the time difference tl2t. An important implication is that, for a given observation location xk, one may
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solve for the state variable, denoted as /�kmðx; tÞ for clarification, using the maximum observation time at
this location, say, tm. Then for any observation time tn< tm, there is no need to solve the adjoint state equa-
tion again because /�knðx; tÞ5/�kmðx; tm2tn1tÞ. In other words, the adjoint state variable at any time can be
derived by simply shifting the state variable for the maximum observation time along the time axis, without
solving the adjoint equation again. This result is consistent with observation of Carrera and Medina [1994]
and Mao et al. [2013b].

It is noted that /�ðx; tÞ represents the backward head response to instantaneous pumping at location xk at
time tl under homogeneous initial and boundary conditions. It is clear that /�ðx; tÞ is zero everywhere for
time t 2 ðtl; TeÞ and it reaches its maximum at t5t2

l due to instantaneous unit pumping at tl. As time goes
from tl to zero, /�ðx; tÞ decreases. It should also be noted that although it is solved backward from t 5 Te,
the adjoint state is independent of the terminal time Te. In practice, as said previously, we may simply
choose Te as the maximum observation time tl for convenience. In the sequel, tl rather than Te is used.

Once /�ðx; tÞ is evaluated, the adjoint state variable /�0 is obtained from solving (20) with a source term
/�ðx; 0Þ and homogeneous boundary conditions /�0ðxÞ50 at x150 and x1 5 L1, and @/�0ðxÞ=@x250 at x250
and x2 5 L2. The solution is

/�0ðxÞ52
4

�T D

X1
m51
n50

anOk
mn

x2
mn

sin ðamx1Þcos ðbnx2Þe2
�T
Sx

2
mn tl : (41)

This solution indicates that, for sufficiently large observation time tl, /�0 approaches zero and the third term
in (23) may be dropped. Note that this is different from the adjoint state variable /�ss that corresponds to
the steady state flow, which is obtained from (28)

/�ssðxÞ52
4

�T D

X1
m51
n50

anOk
mn

x2
mn

sin ðamx1Þcos ðbnx2Þ: (42)

This can be used in calculating steady state head sensitivity using (27).

4.3. Sensitivities for Uncorrelated Fields
The expressions for state sensitivities (24), (25), and (27) indicate that these sensitivities depend on the
auto-correlation of the log transmissivity or log storativity fields.

4.3.1. Head Sensitivity to Log Transmissivity
By noting

@TðvÞ
@YðxÞ5

@TðvÞ
@YðvÞ

@YðvÞ
@YðxÞ5TðvÞ @YðvÞ

@YðxÞ ;

Equation (24) can be rewritten as

yðk;lÞðxÞ5
ðtl

0

ð
X

TðvÞ @YðvÞ
@YðxÞr/� � r�hdvdt1

ð
X

TðvÞ @YðvÞ
@YðxÞr/�0 � rh0dv: (43)

The spatial integration is over the entire domain X and the sensitivity depends on the spatial correlation of
the transmissivity field. In the literature, it is typically assumed that YðvÞ is independent of YðxÞ for x 6¼ v,
and this expression is further reduced to

yðk;lÞðxÞ5�T
ðtl

0

ð
XeðxÞ

r/�ðv; tÞ � r�hðv; tÞdvdt1�T
ð

XeðxÞ
r/�0ðvÞ � rh0ðvÞdv; (44)

where XeðxÞ is the computational grid element containing the point x [Neuman, 1980; Sun and Yeh, 1985,
1992; Yeh, 1986; Li and Yeh, 1998, 1999; Hughson and Yeh, 1998; Zhu and Yeh, 2005; Mao et al., 2013b]. In a
uniformly discretized numerical mesh of rectangular elements of size Dx13Dx2; XeðxÞ represents an ele-
ment centered at x. Note that T and h in (43) have been replaced by their mean quantities �T and �S, and �h is
the mean head field obtained from the solution of (1)–(4) using �T and �S. The sensitivity of head at observa-
tion location xk at time tl with respect to log transmissivity YðxÞ can be derived by taking derivatives of (35)
and (40), substituting these derivatives into (44), and integrating over the temporal and spatial domains:
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yðk;lÞðxÞ5 4J0

D

X1
m51
n50

anam

x2
mn

u1ðamÞu2ðbnÞOk
mn

2
16

D2�T

X1
m;m151
n;n150

anan1

x2
mn

amam1 F1
1 ðam; am1ÞF1

2 ðbn; bn1
Þ1 bnbn1

F2
1 ðam; am1ÞF2

2 ðbn; bn1
Þ

� �
Ok

m1n1

Xnw

i51

pðiÞmnIðiÞT ;

(45)

where J05ðH12H2Þ=L1 is the initial steady state hydraulic gradient, pðiÞmn5Qisin ðamxp
i1Þcos ðbnxp

i2Þ, and the
definitions of functions u1, u2, F1

1 ; F2
1 ; F1

2 ; F2
2 , and IðiÞT are given in Appendix A.

The first term in (45) represents the head sensitivity due to the initial steady state head, while the sec-
ond term accounts for the contribution from pumping. As we mentioned previously, the effect of the
initial head to total head sensitivity vanishes if the head distribution is independent of the transmissivity,
as in our case, when the initial head h0ðxÞ5H12J0x1. This initial head distribution implies the assump-
tion that the transmissivity field is uniform over the entire domain. If we substitute /ss and hss5h0 into
(27) and carry out the integration, we find that the steady state head sensitivity yðkÞss ðxÞ is exactly the
same as the first term in (45), which should be zero for this initial head. The presence of the first term
is due to the assumption of an uncorrelated transmissivity field (i.e., using exclusive element Xe) rather
than a uniform transmissivity field. In an extreme case where Xe is taken to be the entire domain, this
term is zero, as expected. In fact, if we choose ðx1; x2Þ5ðL1=2; L2=2Þ, i.e., the central point, and Dx15L1

and Dx25L2, both u1ðamÞ and u2ðbnÞ are zero (see expressions in Appendix A), and the first term
vanishes.

We should emphasize that the final head sensitivity shown in (45) is represented directly in terms of the
problem configuration (the domain size, boundary configuration, pumping well locations, pumping sched-
ule and rates), medium properties (the mean and correlation lengths of log transmissivity and log storativ-
ity), and observation information (locations and times). It is not needed to solve the adjoint state
equations.

The sensitivity defined in (44) or (45) depends on the size of the grid element. Because the domain discreti-
zation is not relevant for analytical solutions, it is natural to normalize the sensitivity by the area of the ele-
ment XeðxÞ, which is Dx1Dx2 for rectangular elements. From (45) it is seen that the sensitivity is a nonlinear
function of Dx1Dx2, and thus the normalized sensitivity is still dependent on the size of the element. We
consider a limiting case where the size of the element approaches zero, and the head sensitivity can be
written as

yðk;lÞðxÞ5 4J0

D

X1
m51
n50

anam

x2
mn

cos ðamx1Þcos ðbnx2ÞOk
mn

2
16

D2�T

X1
m;m151
n;n150

anan1

x2
mn

amam1 C41bnbn1
S4

� �
Om1n1

Xnw

i51

pðiÞmnIðiÞ;

(46)

where

C45cos ðamx1Þcos ðam1 x1Þcos ðbnx2Þcos ðbn1
x2Þ;

S45sin ðamx1Þsin ðam1 x1Þsin ðbnx2Þsin ðbn1
x2Þ:

These equations may also be derived directly from (44) by first letting XeðxÞ approach the point x and then
carrying the integration over the time domain.

It is of interest to investigate the contribution of the last term in (23) or (24), denoted as yðk;lÞ1 ðxÞ, which is
related to the dependence of the initial head to the transmissivity field and is ignored in some previous
studies [cf. Mao et al., 2013b].

yðk;lÞ1 ðxÞ5 4J0

D

X1
m51
n50

anam

x2
mn

u1ðamÞu2ðbnÞOk
mne2

�T
Sx

2
mn tl ; (47)

which again is nonzero for any exclusive element smaller than the domain. This term depends on the obser-
vation time and it cancels out the other term (with an opposite sign) resulting from the first integral in (23)
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or (24). Therefore, neglecting the last term in (23) or (24) will result in a unrealistic scenario in which the sen-
sitivity is time-dependent even if there is no pumping/injection and the head becomes steady state.

4.3.2. Head Sensitivity to Log Storativity
Similarly, from (25), we have

zðk;lÞðxÞ5�S
ðtl

0

ð
X

@�hðv; tÞ
@t

/�ðv; tÞdvdt: (48)

Substituting �h and /� into this equation yields

zðk;lÞðxÞ52
16

D2�T

X1
m;m151
n;n150

anan1 F2
1 ðam; am1ÞF1

2 ðbn; bn1
ÞOk

m1n1

Xnw

i51

pðiÞmnIðiÞS (49)

where F2
1 ; F1

2 , and IðiÞS are given in Appendix A. As the size of the element approaches zero, i.e., XeðxÞ ! x,
(49) becomes

zðk;lÞðxÞ52
16

D2�T

X1
m;m151
n;n150

anan1 Sc Ok
m1 n1

Xnw

i51

pðiÞmnIðiÞS ; (50)

where Sc5sin ðamx1Þsin ðam1x1Þcos ðbnx2Þcos ðbn1x2Þ. Note that this sensitivity is independent of the initial
flow field.

4.4. Sensitivities for Correlated Fields
4.4.1. Head Sensitivity to Log Conductivity
For a correlated transmissivity field, one first needs to derive the relationship between YðvÞ and YðxÞ. Con-
sider the conditional mean field YðvÞ due to a single conditioning point x. Using the simple kriging expres-
sion, we have

YðvÞ5hYðvÞi1 CYðx; vÞ
CYðx; xÞ

YðxÞ2hYðxÞi½ �: (51)

where CYðx; vÞ is the covariance function of the log transmissivity at locations x5ðx1; x2ÞT ; v5ðv1; v2ÞT , and
hYðvÞi is the unconditional mean field. The unconditional mean field is a constant for a statistically homoge-
neous field. If the covariance function is written as CYðx; vÞ5r2

YqYðjx2vjÞ, where qY is a correlation function,
from (51), we have

@YðvÞ
@YðxÞ5

CYðx; vÞ
CYðx; xÞ

5qYðjx2vjÞ: (52)

For a separable exponential correlation function qYðx; vÞ5r2
Y exp ð2jx12v1j=kY;12jx22v2j=kY;2Þ, where kY;1

and kY;2 are the correlation lengths of Y in x1 and x2 directions, respectively, substituting this into (43) yields

yðk;lÞðxÞ5�T
ðtl

0

ð
X

e
2
jx12v1 j

kY;1
2
jx22v2 j

kY;2 r/�ðv; tÞ � r�hðv; tÞdvdt: (53)

Carrying out the integrations results an expression with the same structure as in (45) except that the func-
tions u1, u2, F6

1 ; F6
2 need to be redefined as shown in Appendix B.

4.4.2. Head Sensitivity to Log Storativity
Similarly, we can write the relationship @ZðvÞ=@ZðxÞ5qZðx; vÞ. From (25), we have

zðk;lÞðxÞ5�S
ðtl

0

ð
X

e
2
jx12v1 j

kZ;1
2
jx22v2 j

kZ;2
@�hðv; tÞ
@t

/�ðv; tÞdvdt: (54)

Substituting the expressions of �h and /� into this equation and carrying out the integration yields an
expression with the same format as (49) except that functions F2

1 and F1
2 need to be redefined, as shown in

Appendix B. It should be noted that there is no restriction on the type of the covariance function CY. Using
the separable exponential covariance allows us to derive these sensitivities analytically.
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5. Numerical Examples

To illustrate the analytical solutions, we consider a two-dimensional rectangular domain of size L155000 m
and L254000 m (Figure 1). The boundary conditions are: constant heads H151001 m and H251000 m on
the left and right boundaries, and no-flow on two lateral boundaries. Hydraulic parameters include a mean
transmissivity of �T 510 m2=d and mean storativity of �S50:005. These parameter fields can be either uncor-
related (with the correlation scale less than the size of elements in the numerical mesh) or correlated. For
the case of correlated fields, the correlation lengths for both log transmissivity and log storativity are
assumed to be the same but may be anisotropic: kY;15kZ;15250 m and kY;25kZ;25200 m. We consider two
flow scenarios, one without pumping (Case A) and the other with constant pumping (Case B) at the center
of the model domain, x

p
15ð2500 m; 2000 mÞT and at a pumping rate of Q1520 m3=d. A single observation

well is placed at xk5ð1000 m; 2000 mÞ, except for cases in which various observation locations are used to
explore the effect of the observation location on the sensitivity coefficients.

5.1. Adjoint State Variables
We first explore some features of the adjoint state variables /�ðx; tÞ and /�0ðxÞ, both of which are independ-
ent of pumping/injection within the domain and the actual values specified on flow boundaries. These
adjoint state variables, though not explicitly denoted, are functions of observation location xk and time tl.
Figure 1 illustrates the adjoint state variable /�ðx; tÞ associated with the head observed at xk at time
tl 5 500 days at various elapsed times. Because the solving for the adjoint state variable is equivalent to
solving for the head (in reversed time) with an instantaneous unit pumping at location xk at time tl under
the homogeneous terminal and boundary conditions, it has a maximum peak at time tl and then its magni-
tude decreases with an increasing zone of ‘‘influence’’ (area with nonzero adjoint-state values) as time goes
from tl to zero (Figure 1d). The solution at time zero, /�ðx; 0Þ, is then used as a source function in solving
for the adjoint state variable /�0ðxÞ, shown in Figure 2, which depicts /�0ðxÞ for two observation times tl 5 1
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Figure 1. Contour maps of the adjoint state variable /�ðx; tÞ associated with head observation at well xk5ð1000 m; 2000 mÞ at tl 5 500 days for various times before the time of observa-
tion tl.
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day and tl 5 500 days. It should be noted that, although /�0ðxÞ is independent of time, it does depend on xk

and tl through the source function /�ðx; 0Þ, which is a function of xk and tl.

Because the adjoint state variables /�ðx; tÞ and /�0ðxÞ depend on the observation points and times but not
on the pumping characteristics (the pumping rate and the times when the pump is turned on and off), the
adjoint state variables presented in Figures 1 and 2 are applicable to both Cases A and B.

5.2. Head Sensitivities Under Constant Hydraulic Gradient (Case A)
Once we solved for the adjoint state variables and mean heads, we can evaluate the sensitivities. Here we
first investigate the differences in head sensitivity yðk;lÞðxÞ between three different solutions for Case A. The
first solution only accounts for the element containing x, as shown in (45). As mentioned earlier, in an
extreme case where the element size is the same as the domain size, the sensitivity will be zero because of
the fact that u1ðamÞ5 0 in (45). The second solution is the point-wise sensitivity, which is a limiting case of
the first solution normalized by the area of the encompassing element. In the third solution, the correlation
of the heterogeneous transmissivity field is taken into account. The comparison is illustrated in Figure 3 as
contour maps of the sensitivity of head at observation well xk at t 5 500 days with respect to transmissivity
in the entire domain. Visual examination of the figure suggests the general spatial pattern is consistent
among three solutions: positive sensitivity in the upgradient (to the left) direction of the observation well
and negative in the downgradient direction, indicating that increasing transmissivity in the upgradient
direction will likely increase the head at the observation well, while increasing transmissivity in the down-
gradient direction will decrease the head at the observation well. In addition, it is noted that the patterns in
Figures 3a and 3b are nearly identical, except that the latter is much smaller in magnitude. This is due to
the fact that the solution in Figure 3a reflects the total effect of exclusive elements of a fixed size (mesh size
100 m3100 m510; 000 m2 in area), while the solution in Figure 3b is the head sensitivity with respect to
transmissivity at a single point x. In both Figures 3a and 3b cases (uncorrelated fields), the contour lines are
not very smooth. The contour lines are significantly smoother in Figure 3c, in which the correlation of the
transmissivity field has been considered. The magnitude of the sensitivity in the third solution is much
greater than those from the first two solutions. This is expected due to the parameter correlation. In the fol-
lowing discussion, we assume that the parameter fields are correlated.

Figure 4 shows the hydraulic-head sensitivity profile yðk;lÞðxÞ along the central line x5ðx1; 2000 mÞT . Here
the curves for different observation times overlap and the observation time is not relevant because of the
time-independent mean head field. It is noted that the head sensitivity is zero at the observation point
x5xk ; i.e., the hydraulic head at the observation point is independent of the transmissivity at the observa-
tion point.

The sensitivity yðk;lÞðxÞ for a series of observation points xk5ðx1k ; x2k52000 mÞT for various x1k with respect
to YðxÞ along the central line x5ðx1; 2000 mÞT is illustrated in Figure 5. Typically, the sensitivity profile for
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Figure 2. Contour maps of the adjoint state variable /�0ðxÞ associated head observation at at well xk 5ð1000 m; 2000 mÞ at (a) 1 day and (b) 500 days.
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each observation point has a positive peak and a negative peak. The constant-head boundaries have some
effect on the magnitude of these peaks. This can be clearly seen from the profile for the observation point
at ð200 m; 2000 mÞ; without the boundary, the sensitivity at the upgradient boundary (i.e., x150Þ would
have been larger. It should be pointed out that one should not expect the sensitivity to be zero at these
constant-head boundaries unless the observation points are located at these boundaries. As the observa-
tion point moves away from the upgradient boundary toward the downgradient boundary, the magnitude
of the positive peak decreases while the magnitude of the negative peak increases. Mathematically, one
can easily show for this particular case (both x25x2k5L2=2) that the area (i.e., the integral) under each of
the curves in this figure is zero.

The locations of the peaks on this profile are approximately symmetric about the observation point and
they are related to the correlation length of the transmissivity field, as demonstrated in Figure 6. The figure
depicts the sensitivity profile of yðk;lÞðxÞ along the central line x5ðx1; 2000 mÞT for observation at xk for iso-
tropic transmissivity fields with different correlation lengths kY;15kY;2550 m; 100 m; 200 m, or 250 m. As
expected, the transmissivity field with a larger correlation length has larger impact on the head at the
observation point (Figure 6). For comparison, the corresponding sensitivity profile is plotted for the case of
an uncorrelated field (Figure 6; dashed line) by solving (45) from the integration over the exclusive grid ele-
ment containing x, where the size of the grid element is 50 m. As expected, the sensitivity profile for an
uncorrelated field has the lowest values.

5.3. Transient Head Sensitivities With Pumping (Case B)
So far none of the numerical examples account for the impact of groundwater pumping and the presented
sensitivities were for the case of ambient groundwater flow only. Next, we consider a similar case (Case B)

in which a well pumping at a constant rate
of 20 m3=d is located in the center of the
domain, xðpÞ5ð2500 m; 2000 mÞT .

Figure 7 shows snapshots of yðk;lÞðxÞ and
zðk;lÞðxÞ for the observation point at xk at
100 days. It is important to note that the
head at the observation point is predomi-
nantly sensitive to the storativity (Figure
7b) within a symmetric area encompassing
the pumping and observation wells (e.g.,
the contour line for zðk;lÞðxÞ50:0001 is
almost an ellipse, and the wells are near
the ellipse focal points). The highest sensi-
tivity is at the well locations. This is not
surprising based on existing theory and
practical experience. In contrast the head
at the observation point is predominantly
sensitive to the transmissivity between the
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Figure 3. Head sensitivity @hðxk ; tlÞ=@YðxÞ for xk5ð1000 m; 2000 mÞ at observation time tl 5 500 days, derived from three different approaches assuming: (a) exclusive element contain-
ing x, (b) point-wise evaluation, and (c) correlated transmissivity field.
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two wells and upgradient from the
observation well (between the observa-
tion well and the constant-head bound-
ary). This observation is also not
surprising based on existing theory and
practical experience. Note that the spa-
tial pattern of the sensitivity is slightly
different from the sensitivity for the
unbounded domain, as presented in
Leven and Dietrich [2006]

5.3.1. The Effect of Observation Times
on Head Sensitivities
One of the interesting topics involving
head observations is the selection of an
optimal sampling frequency or sampling
location. It is possible to look for an opti-
mal observation time or location based on

sensitivity maps, as shown in Figures 8 and 10 for sensitivities yðk;lÞðxÞ and zðk;lÞðxÞ along the central line x2

52000 m as a function of the observation time and location. These maps may shed light on how to select
the optimal sample schedule and locations.

Figure 8 depicts the sensitivities of head at xk to the transmissivity (Figure 8a) or storativity (Figure 8b) along
the central line x5ðx1; x252000 mÞT , for various observation times. It is seen from this figure that the gen-
eral pattern of this sensitivity is the same for different observation times. This pattern reveals several inter-
esting points. First, the sensitivity is negative in the area between the pumping well and the observation
well, indicating that increasing transmissivity in this area will lead to lower head (or greater drawdown) at
the observation well. Outside of this area, the sensitivity is positive, which can also be easily explained. In
fact, a higher transmissivity beyond the pumping well in the downgradient direction leads to more water
coming from that direction. On the other hand, a higher transmissivity in the upgradient direction of the
observation well leads to a higher head measurement at the observation well due to the constant head on
the upgradient boundary. In addition, the sensitivity changes its sign across the well locations and is zero at
both pumping well and observation wells. In other words, transmissivity values at these well locations are
not relevant to the head at the observation location. Furthermore, there are two peaks (one positive and
one negative) around both pumping and observation wells, and the locations of these peaks move slowly

away from the wells with increasing obser-
vation time. This suggests that by using
transient head data it may be possible to
characterize aquifer heterogeneity in differ-
ent portions of the aquifer near the pump-
ing and observation wells (e.g., between
the wells, at early times, and near the wells,
at late times).

A similar plot for the sensitivity zðk;lÞðxÞ for
the same observation well with various
observation times is illustrated in Figure 8b.
Unlike the head sensitivity to transmissivity,
the sensitivity to storativity is always posi-
tive in the entire domain, indicating that an
increase of the storativity in any location in
the domain will lead to a higher head (or
less drawdown) at the observation well
because more groundwater is available
from storage. The figure shows several
important features of the sensitivity pattern.
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First, the sensitivity has two peaks on the profile, one at the pumping well and the other at observation
well. In fact, these two peaks are symmetric in the sense that sensitivity profiles will be the same if one
switches the pumping well and the observation locations. This can be shown from (49) for this particular
case with one pumping well. Of course, if there is more than one pumping well, such a switch will definitely
change the sensitivity profile. The sensitivity in the area between these wells is about half the peak value
and outside of this area it decreases sharply.

The change of this sensitivity over observation time is better illustrated in Figure 9, which shows zðk;lÞðxÞ at
observation well xk, as a function of observation time tl, to storativity at two different locations x5ð1000 m;
2000 mÞ and x5ð900 m; 2000 mÞ. Although both curves in the figure have the same pattern, i.e., increasing
at early time and decreasing at late time, they reach their maximum at different times: 350 days for the solid
curve and 400 days for the dashed curve. This may imply that, for given pumping and observation well loca-
tions, the best observation time for characterizing storativity at the observation location ð1000 m; 2000 mÞ
is 350 days but for characterizing storativity at ð900 m; 2000 mÞ is 400 days. In addition, the maximum sensi-
tivity decreases quickly as the location moves away from the observation well, suggesting that head obser-
vations are predominantly sensitive to the storativity at the wells and that the spatial heterogeneity in
storativity might be difficult to characterize.

5.3.2. The Effect of Observation Locations on Head Sensitivities
Next, we explore, for a fixed observation time tl 5 100 days, the effect of the observation location along the
central line through the model domain, as illustrated in Figure 10. Each curve in the figure represents the
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head sensitivity at the observation location ðx1k ; 2000 mÞ, where the value of x1k is labeled on the curve (see
Figure 10b). Again, the pumping well is located at the center of the model domain. The general pattens of
the sensitivity profiles are as discussed in the last section. We are interested in how these profiles change
with the observation location.

Figure 10a shows that, as the observation well location gets closer the pumping well, the sensitivity
yðk;lÞðxÞ increases for all points on the profile. As discussed previously, the sensitivity profile includes one
positive peak and one negative peak in the vicinity of both pumping and observation wells, and the
sensitivity is zero at the well locations. Interestingly, as the observation well aligns with the pumping
well, the profile changes significantly to a single spike of 5.5 (the actual peak is not shown in the figure;
it has been truncated due to the plotting scale) at the well location, which means that the measuring
drawdown at the pumping well provides the most significant amount of information regarding the
transmissivity at the pumping well location. This is why single-well pumping tests provide representative
information about the transmissivity in the close vicinity of the pumping wells. A similar phenomenon
occurs in Figure 10b (semilog plot) for sensitivity zðk;lÞðxÞ, where the two-peak profile changes to a sin-
gle peak when the observation well aligns with the pumping well, which indicates that the single-well
pumping test can also be applied to estimate storativity. However, clearly the head’s sensitivity to the
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storativity is much less than it’s sensitivity to the transmissivity; that is one of the reasons the transmis-
sivity is more reliably estimated from single-well pumping tests than the storativity (in addition, storativ-
ity estimates are also impacted by wellbore storage and skin effects [Kabala, 2001]). In summary, head
at the observation location is highly sensitive to storativity at the pumping and observation wells, mod-
erately sensitive to storativity in the area between pumping and observation wells (note: this plot on
the log scale).

5.3.3. The Contribution of the Last Term in Equation (17)
Finally, we investigated the contribution from the last term in equation (17) or (23) or (24) for evaluating
head sensitivity to log transmissivity. This term accounts for the effect of the initial hydraulic gradient and is
ignored in some studies. From (47), it is seen that this term depends on the observation time and it cancels
out with the similar term resulting from the first term in (24). If one ignores this term, the sensitivity will
depend on the observation time even for the special case where the mean head is time-independent,
which is certainly not physical. It is also of interest to evaluate the contribution of this term to the estimated
sensitivity field.

Figure 11 provides comparisons for tl 5 1 day (Figures 11a–11c) and tl 5 500 days (Figures 11d–11f) for Case B.
Here Figures 11a and 11d represent the true sensitivity at these two times, Figures 11b and 11e are the contri-
bution of the last term in (17), while Figures 11c and 11f represent the estimated sensitivity if this term is
dropped. It is seen that at later times, Figure 11f is quite close to Figure 11d, indicating that one may ignore
this term at later times. However, if one is concerned with the early-time head observations, this term should
not be ignored, as Figure 11c is significantly different from Figure 11a. If the last term is not applied in sensitiv-
ity analyses, the results will be misleadingly suggesting very low head sensitivities to the conductivity at early
times.

6. Conclusions

The objective of the paper is to develop a novel analytical methodology based on an adjoint method to
compute sensitivities of the hydraulic head to the distributed hydraulic conductivity and storage coefficient
in the case of transient groundwater flow in a confined, spatially correlated or uncorrelated, randomly het-
erogeneous aquifer under ambient and pumping conditions. The methodology is based on an adjoint
method and it is applicable to transient groundwater flow in a bounded aquifer pumped at a series of wells,
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each of which may have one or more constant-rate pumping periods. The major difference between this
study and all previous adjoint-based studies on head (or drawdown) sensitivity is that the spatial correlation
of the parameter field has been considered, while in previous studies the parameter field is assumed to be
uncorrelated and the integral over the entire problem domain was reduced to an exclusive element (or sub-
domain) containing the point at which the sensitivity is desired. While the parameter sensitivities with the
adjoint method are typically obtained numerically, we present analytical expressions for these sensitivities
in the special case of rectangular domains with constant-head and no-flow boundaries. However, it can be
extended to three-dimensional problems.

One of advantages of the adjoint method is that the adjoint state variable is independent of the sources/
sinks and the actual head or flux values on the boundaries, and therefore the methodology is also applica-
ble to more complicated cases with areal sources/sinks and time-dependent boundary conditions. The
effect of areal sources/sinks and boundary conditions on the sensitivities is taken into account through the
mean head field, which is applied in evaluating these sensitivities.

The parameter sensitivities with the adjoint method are typically obtained numerically, and the most time-
consuming part of the method is solving the adjoint state equations. In our analytical expressions, these
sensitivities are represented directly in terms of the problem configuration (the domain size, boundary con-
figuration, pumping well locations, pumping schedule and rates), medium properties (the means and corre-
lation lengths of log transmissivity and log storativity), and observation information (locations and times),
and therefore there is no need to solve the adjoint state equations.

The presented framework for estimation of sensitivities of observed hydraulic heads to the aquifer proper-
ties is applicable to various types of model analyses such as sensitivity analysis, model inversion, parameter
estimation, model selection, uncertainty quantification, data-worth analysis, experimental design, and deci-
sion analysis. The framework is particularly relevant to tomographic analyses aimed at the characterization
of spatial variability in the aquifer properties. We have presented a series of results obtained for a synthetic
problem representing a pumping and an observation well in a rectangular domain with ambient ground-
water flow. We have demonstrated the applicability of our methodology to investigate the impact of obser-
vation well location and the observation time on the estimates of aquifer properties based on computed
spatial and temporal sensitivities.

Appendix A: Functions in (45) and (49) for Uncorrelated Fields

For simplicity in presentation, the following list of functions are defined for (45) and (49) for the case of
uncorrelated transmissivity and storativity fields. Equations (A1)–(A5) are related to the mesh element con-
taining the location x where the sensitivity to transmissivity or storativity at this location is sought. Equa-
tions (A6)–(A9) are related to observation time and the pumping period, and therefore they are valid for
both uncorrelated and correlated fields. Some important features of these functions include: (a) F6

1 and F6
2

are symmetric in terms of their arguments, (b) IðiÞT and IðiÞS are symmetric in terms of their indices m, m1, n,
and n1, and (c) u1 is zero if x15L1=2 and the element size in the x1 direction is L1.

u1ðamÞ5
2
am

cos ðamx1Þsin ðamDx1=2Þ (A1)

u2ðbnÞ5
2
bn

cos ðbnx2Þsin ðbnDx2=2Þ if n > 0

Dx2 if n50

8><
>: (A2)

F6
1 ðam; am1Þ5

cos ½ðam2am1Þx1�sin ½ðam2am1ÞDx1=2�
am2am1

6
cos ½ðam1am1Þx1�sin ½ðam1am1ÞDx1=2�

am1am1

if m 6¼ m1

Dx1

2
6

cos ð2amx1Þsin ðamDx1Þ
2am

if m5m1

8>>>>>>>><
>>>>>>>>:

(A3)
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F1
2 ðbn; bn1

Þ5

cos ½ðbn2bn1
Þx2�sin ½ðbn2bn1

ÞDx2=2�
bn2bn1

1
cos ½ðbn1bn1

Þx2�sin ½ðbn1bn1
ÞDx2=2�

bn1bn1

if n; n1 6¼ 0; n 6¼ n1

Dx2

2
1

cos ð2bnx2Þsin ðbnDx2Þ
2bn

if n; n1 6¼ 0; n5n1

2
bn

cos ðbnx2Þsin ðbnDx2=2Þ if n150; n 6¼ 0

2
bn1

cos ðbn1
x2Þsin ðbn1

Dx2=2Þ if n1 6¼ 0; n50

Dx2 if n150; n50

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

(A4)

F2
2 ðbn; bn1

Þ5

cos ½ðbn2bn1
Þx2�sin ½ðbn2bn1

ÞDx2=2�
bn2bn1

2
cos ½ðbn1bn1

Þx2�sin ½ðbn1bn1
ÞDx2=2�

bn1bn1
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Dx2

2
2

cos ð2bnx2Þsin ðbnDx2Þ
2bn
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0 if nn150

8>>>>>>>>>>>><
>>>>>>>>>>>>:

(A5)

The definition of IðiÞT depends on the the value of x2
m1n1

2x2
mn. If x2

m1n1
6¼ x2

mn:

IðiÞT 5
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i

12e
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m1 n1
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i 2tlÞ
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2
e
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i 2tlÞ2e

�T
�S
x2

m1 n1
ðts

i 2tlÞ

x2
m1n1

2x2
mn
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e
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8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

(A6)

otherwise,

IðiÞT 5
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i

12e
�T
�S
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2
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Similarly,
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>>>>>>>>:

(A8)

for x2
mn 6¼ x2

m1n1
, and
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IðiÞS 5

0 iftl < ts
i

�T
�S
ðtl2ts

i Þe
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Sx

2
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(A9)

otherwise. Note that (A7) and (A9) can be derived by taking the limit of (A6) and (A8), respectively, as
x2

mn ! x2
m1 n1

.

Appendix B: Functions in (45) and (49) for Correlated Fields

If the transmissivity is spatially correlated, (45) is still valid, but function definitions for u1, u2, F6
1 , and F6

2 are
slightly different:

u1ðamÞ5
kY;1

a2
mk2

Y;111
2cos ðamx1Þ2 e

2
x1

kY;1 1ð21Þme
2

L12x1
kY;1

� �� �
(B1)

u2ðbnÞ5
kY;2

b2
nk

2
Y;211

2cos ðbnx2Þ2 e
2

x2
kY;2 1ð21Þne

2
L22x2
kY;2

� �� �
(B2)

F6
1 ðam; am1Þ5

kY;1

2
2cos ½ðam2am1Þx1�

A2
6

2cos ½ðam1am1Þx1�
A1

� �

1
kY;1

2
A16A2

A1A2
e

2
x1

kY;1 1ð21Þm1m1 e
2

L12x1
kY;1

� � (B3)

F6
2 ðbn; bn1

Þ5 kY;2

2

2cos ½ðbn2bn1
Þx2�

B2
6

2cos ½ðbn1bn1
Þx2�

B1

� �

1
kY;2

2
B16B2

B1B2
e

2
x2

kY;2 1ð21Þn1n1 e
2

L22x2
kY;2

� � (B4)

where kY;1 and kY;2 are the correlation lengths of the log transmissivity in the x1 and x2 directions, respec-
tively, and A65ðam6am1Þ

2k2
Y;111, B65ðbn6bn1

Þ2k2
Y;211. Similarly, functions F2

1 and F1
2 for (49) can be

derived by replacing kY;1 and kY;2 in (B3) and (B4) by kZ;1 and kZ;2, respectively.
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